This ar� cle aims to extend evalua� on of the classic mul� factor model of Carhart (1997) for the case of global equity indices and to expand analysis performed in Sakowski et. al. (2015) . Our inten� on is to test several modifi ca� ons of these models to take into account diff erent dynamics of equity excess returns between emerging and developed equity indices. Proposed extensions include a vola� lity regime switching mechanism (using dummy variables and the Markov approach) and the fi � h risk factor based on realized vola� lity of index returns. Moreover, instead of using data for stocks of a par� cular market (which is a common approach in the literature), we check performance of these models for weekly data of 81 world investable equity indices in the period of 2000-2015. Such an approach is proposed to es� mate an equity risk premium for a single country. Empirical evidence reveals important diff erences between results for classical models es� mated on single stocks (either in interna� onal or US-only frameworks) and models evaluated for equity indices. Addi� onally, we observe substan� al discrepancies between results for developed countries and emerging markets. Finally, using weekly data for the last 15 years we illustrate the importance of model risk and data overfi � ng eff ects when drawing conclusions upon results of mul� factor models.
I
Studies which try to es� mate equity risk premium and explain variability of stock market returns are numerous in fi nancial literature. The discussion started with the seminal papers introducing the Capital Asset Pricing Model (CAPM) of Sharpe (1964) , Lintner (1965) and Black et al. (1972) . Then, it greatly evolved with the three-factor model of Fama et al. (1992) and the four-factor model of Carhart (1997) . Nowadays, studies concentrate around other modifi ca� ons which propose numerous sets of risk factors to be� er explain variability of stock market returns and new sets of markets. This paper aims to introduce several new ideas to this debate.
During the last three decades, many studies empirically verifi ed the validity of the CAPM. They showed that CAPM alone is not able to explain cross-sec� onal varia� on of average stock returns and that it can be easily extended. The results of these studies revealed other important risk factors which explain the performance of given groups of stocks: 1) value inves� ng strategy eff ects, i.e. inves� ng in stocks that have high book to market, dividends yield, earnings ra� o, etc. produce higher risk adjusted returns (Fama et al., 1992; Lakonishok et al., 1994; Arshanapalli et al., 1998; Bondt et al., 1985; Bondt et al., 1987) , 2) size eff ects (i.e. small minus big stocks eff ect) (Fama et al., 2012), 3) momentum and reversal eff ect (i.e. winners minus losers eff ect) captured for many diff erent � me frames (Wu, 2002; Jegadeesh et al., 1993; Asness, 1995) , 4) liquidity eff ect (Rahim et al., 2006; Liu, 2004) , 5) investment factor and return on equity factor (Chen et al., 2011) , 6) profi tability factor and investment factor (Fama et al., 2015) , 7) be� ng against beta eff ect (Frazzini et al., 2014) 8) accoun� ng manipula� on factor (Foye et al., 2013) , 9) cash-fl ow-to-price factor (Hou et al., 2011) . At the same � me many authors claim that CAPM s� ll works, arguing that devia� ons due to missing factors are diffi cult to detect and it is rela� vely diffi cult to remove a data-snooping bias in the case of mul� factor models (MacKinlay, 1995) . Other sources of errors that can be encountered while performing stock return analysis include the look ahead bias (Lo et al., 1990) .
Based on the current state of the art for stock returns and the fact that very few papers covered the problem for equity indices returns so far, we want to be� er explain the diversity of equity indices returns and hence follow the conclusion of Griffi n (2002) who stated that Fama-French factors are country-specifi c rather than global.
Therefore, the main aim of this paper is to present a cross sec� onal analysis for global indices with special a� en� on to diff erences between developed and emerging market indices. We want to fi nd an answer to the ques� on of whether by introducing modifi ca� ons of the wellknown asset pricing models we are able to iden� fy those equity indices which are rela� vely cheap (or expensive), at the same � me taking into account all other important risk factors.
Our main research ques� ons can be stated as follows: 1) Can mul� factor models be used for explana� on of the equity risk premium for global indices? Our inten� on is to answer this ques� on on a single equity indices basis and on an aggregated level as well.
2) Are sensi� vi� es to risk factors stable across countries? Do they diff er during various phases of economic cycles?
3) Can we include a vola� lity risk factor to be� er explain variability of risk premiums? 4) Does a vola� lity regime switching mechanism (using dummy variables or the Markov approach) enable us to explain equity risk premium for global indices? 5) Can we build a zero investment por� olio based on analyzed risk factors? 6) Are signs of beta coeffi cients coherent with the results for single stocks? 7) Is it possible to dis� nguish countries with consistently high beta sensi� vi� es? 8) Which risk factor was the most important in por� olio construc� on?
The structure of the paper is as follows. Sec� on 2 presents the methodology of our study. Equity risk premium, func� onal forms of the alterna� ve models and econometric issues are discussed in this part. Sec� on 3 provides descrip� on of both the data and the procedure we used to build risk factors. We also analyze dynamics of risk factors in � me here. Sec� on 4 presents results. The last sec� on concludes.
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M Motivation
The methodology is based on the seminal paper of Carhart (1997) , who proposed the four-factor model for analysis of mutual fund performance. One of the reasons why we prefer the model of Carhart (1997) over the methodology of Fama et al. (1992) (the threefactor model for stocks return analysis) are the results of Fama et al. (2012) and comprehensive results obtained for emerging markets by Cakici et al. (2013) . They focused on 18 emerging markets trea� ng each of them separately. Their results revealed the signifi cance of value and momentum everywhere except Eastern Europe and addi� onally showed that momentum and value factors were nega� vely correlated.
At this moment it is important to explain the ra� onale for choosing equity indices instead of single stocks. The main reason behind this is that from the global investment perspec� ve single countries may be treated as an asset class. This issue is very important for the global por� olio selec� on problem, where the asset alloca� on approach seems to gain more popularity. This is confi rmed by the dynamic development of ETFs and deriva� ves providing country exposure. This approach seems to be� er reveal global factors than regressions on single stocks and enables equity risk premiums for countries to be assessed separately. What is also important is that the literature on this subject is very limited.
Taking into account that our research is intended for equity indices with special a� en� on to emerging and developed markets, we propose several amendments to the ini� al methodology of Carhart (1997) . Necessary modifi ca� ons include: 1) conver� ng monthly to weekly data in order to reveal dynamics during shorter � me intervals, 2) including new risk factors that explain the diversity of returns more deeply, i.e. realized vola� lity as a fi � h factor, 3) necessary conversion of well-known risk factors from the single country level to the worldwide level, 4) crea� ng an adequate zero investment por� olio that fully refl ects the infl uence of par� cular risk factor on equity risk premiums, 5) introducing a vola� lity switching mechanism to take into account diff erent dynamics of equity indices during high and low vola� lity periods.
Equity risk premium
It is also important to defi ne the equity risk premium as the expected excess return of equi� es over the risk free rate. The point here is that current literature (Duarte et al. (2015) ) proposes many alterna� ve ways to measure it. Equity risk premium can be defi ned using: 1) historical returns approach:
( 1) where is excess return at � me t over risk-free rate, 2) earnings yield approach: ( 2 ) where is earnings to price ra� o 3) dividend yield approach:
where is dividend to price ra� o and is dividend growth rate 4) regression-and factor-based approach which can be characterized by point-in-� me es� mates instead of long-term es� mates only, not dependent on e.g. tax policy, and which allows dynamic forecasts:
where is the i-th risk factor at moment t and is sensi� vity to this factor. 5) survey-based approach which is o� en systema� cally biased, nega� vely correlated with future returns, and posi� vely with previous returns. In this ar� cle, when we talk about equity risk premium we refer to the defi ni� on based on historical returns. Selec� on of the par� cular defi ni� on of equity risk premium can certainly aff ect fi nal conclusions. Before we focus on this issue, we describe alterna� ve factor models used in this research.
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Multi factor models
We start with the classic four-factor model of Carhart (1997) : (4) where:
= is weekly return of equity index in excess to weekly risk free rate, = is weekly equally weighted equity index return less than risk free rate, = is the monthly premium on the book-to-market factor, = is the monthly premium on the size factor, = is the monthly premium on winners-minuslosers factor.
The WML factor is calculated by subtrac� ng the equal weighted average of the highest performing equity indices from the equal weighted average of the lowest performing equity indices (Carhart, 1997) .
Next, we add to the model an addi� onal factor based on realized vola� lity (VMC -vola� le minus calm):
The VMC factor is the monthly premium on vola� le minus calm (VMC) equity indices and is obtained by subtrac� ng the equal weighted average return of the highest vola� lity equity indices from the equal weighted average return of the lowest vola� lity equity indices. The defi ni� on of high or low vola� lity is based on 63 days realized vola� lity calculated separately for each equity index.
The detailed procedure of calcula� ng HML, SMB, WML and VMC risk factors and defi ni� ons of zeroinvestment por� olios based on them is summarized in Sec� on "Descrip� on of risk factors".
Since we want to take into account the impact of diff erent market environments on the factor sensi� vi� es, we consider adding to the model a regime switching mechanism.
The fi rst a� empt to capture a change in the vola� lity regime focuses on including diff erent dynamics of equity risk premiums in: 1) high and low vola� lity environments and 2) during upward and downward movements of the market. We add dummy variables with appropriate interac� ons and the func� onal form of the regression is then as follows: (6) We consider two alterna� ve defi ni� ons of the dummy variable used in equa� on (6):
1) for high vola� lity periods, for low vola� lity periods, where the division is based on realized vola� lity calculated in USD for the market index and the periods brackets were defi ned ex-ante, 2) ex-post iden� fi ca� on of upward ( ) and downward ( ) movements of the market 1 . Such division is especially important when we perform analysis between 2000 and 2015 since this period of equity markets was characterized by two strong bull and two strong bear markets which was not observable before within such a rela� vely short data span. The last form of the mul� -factor model tested in this paper is a simple form of the Markov switching model with two states of the world. For this purpose, we used a fi ve-factor model in the form presented in equa� on (6). The ra� onale for the selec� on of the last model was based on several studies which showed that various types of regime switching models can be useful in explaining equity risk premiums (Tan, 2013) . Ammann and Verhofen (2009) revealed that value inves� ng seems to be a ra� onal strategy in the High-Variance Regime, while momentum inves� ng in the Low-Variance Regime. They addi� onally presented an empirical out-of-sample backtest indica� ng that this switching strategy can be profi table. Moreover, Angelidis and Nikolaos (2014) show that there are signifi cant costs to investors who fail to take into account the existence of regimes in por� olio construc� on and asset alloca� on. Hammerschmid and Lohre (2015) showed regime shi� s preserved in the presence of fundamental variables known to predict equity risk premiums.
Hence, the complete list of models used in this study is presented below: 1
In the course of our analysis, periods of high/low vola� lity occurred to coexist with periods of upward and downward market movements.
"e-Finanse" 2016, vol. 12 / nr 2 Paweł Sakowski, Robert Ślepaczuk, Mateusz Wywiał Cross-sectional returns with volatility regimes om a diverse portfolio of emerging and developed equity indices 1) Carhart.4F.localcurncy (four-factor model, factors based on local currency), 2) Carhart.4F.USD (four-factor model, factors based on USD), 3) Carhart+VMC.5F.USD (fi ve-factor model, VMC added, factors based on USD), 4) Carhart+VMC.5F.dummyRVinteract.USD (fi vefactor model, VMC and vola� lity dummies added, factors based on USD), 5) Carhart+VMC.5F.dummyUp&Downinteract.USD (fi ve-factor model, VMC and market trend dummies added, factors based on USD), 6) Carhart+VMC.5F.MarkovSwitch2Reg.USD (fi vefactor model, VMC and added, factors based on USD).
Methodological and diagnostic issues
In the process of es� ma� on of mul� -factor models using � me-series data, we can poten� ally suff er from several econometric problems or issues which should be solved in the process of es� ma� on (possible ARCH eff ect, autocorrela� on, heteroscedas� city of the error term or diff erences between various methods of es� ma� on of our models). Surprisingly, this issue is barely ever discussed in the literature of mul� -factor models.
An a� empt to es� mate our regressions correctly with full econometric diagnos� cs takes us to the point where we should proceed upon one of the below paths: 1) To es� mate models with the same func� onal forms and compare their results across all markets, ignoring any diagnos� c issues, as it has been presented in fi nancial literature for years.
2) To perform all diagnos� cs concerning � me-series issues and correct the fi rst es� ma� ons, which will most probably result in diff erent model func� onal forms across inves� gated markets and hence make it diffi cult to compare results for them.
Taking into account that we do intend to compare single alpha, beta coeffi cients and R squared coeffi cient among equity indices, we decided to choose the fi rst approach. We believe that this allows us to analyze the explainatory power of models es� mated for diff erent markets. Nevertheless, the issue of performing model diagnos� cs seems to be important and defi nitely should be addressed in future research.
Data
We gathered the data for the most comprehensive set of investable equity indices 2 covering the period between 1990 and 2015. However, the study was inten� onally limited to 2000-2015 because of unavailability of longer � me series for some of the risk factors, especially for emerging market countries.
The analysis was performed on weekly data for 81 most representa� ve and investable equity indices, covering all con� nents. We include data for 27 developed and 54 emerging markets indices. The detailed list of all equity indices and their descrip� ve sta� s� cs can be obtained upon request.
The reason behind selec� on of weekly instead of monthly data was the inten� on to evaluate the theore� cal value of excess returns for the given equity index more frequently. All returns and risk factors, with excep� on of the four-factor model of Carhart with factors based on local currency (Carhart.4F.localcurncy), were calculated a� er conver� ng local prices to USD. Surprisingly however, results did not diff er signifi cantly between the same model calculated in local currency and in USD.
Description of risk factors
Detailed analysis of dynamics of the standard four factors from the Carhart model helped us to defi ne the fi nal specifi ca� on of the fi ve factor model. Below we present the detailed descrip� on of the procedure of calcula� ng HML, SMB, VML and VMC risk factors, defi ni� ons of zero-investment por� olios based on them and then our observa� on concerning these factors' dynamics.
The factor represents weekly excess return of the market por� olio over the risk-free rate. The market por� olio consists of equally weighted all 81 equity indices.
The HML is a zero-investment por� olio that is long on the highest decile group of book-to-market (B/M) equity indices and short on the lowest decile group. The diff erence of returns of these extreme decile groups is calculated in each weekly interval, which fi nally cons� tutes the HML factor. Based on these returns we created cumula� ve returns for HML and then LMH zero investment por� olio.
Cross-sectional returns with volatility regimes om a diverse portfolio of emerging and developed equity indices
The SMB is a zero-investment por� olio that is long on the highest decile group of small capitaliza� on (cap) equity indices and short on the lowest decile group. The diff erence of returns of these extreme decile groups is calculated in weekly intervals as well. Similarly, based on these returns we created cumula� ve returns for SMB and then a BMS zero investment por� olio.
The WML is a zero-investment por� olio that is long on the highest decile group of previous 1-year return winner equity indices and short on its lowest decile group (loser equity indices). The diff erence of returns of these extreme decile groups is calculated again for each weekly interval and based on that we create cumula� ve returns for WML and then an LMH zero investment por� olio.
Finally, the VMC is a zero-investment por� olio that is long on the highest decile group of high vola� lity equity indices and short on its lowest decile group (low vola� lity equity indices). The diff erence of returns of these extreme decile groups is calculated again for each weekly interval and based on that we create cumula� ve returns for VMC and then CMV zero investment por� olios. Figure 1 shows the dynamics of the market index factor and market index returns . We cannot observe any substan� al diff erences between them. This actually informs us that we analyzed the period of excep� onally low rates, and that interest rates had only marginal impact on the value of this factor. . It reveals two dis� nct periods. The fi rst one (2000-2011) shows a strong HML eff ect showing much be� er performance of equity indices with high book-tomarket characteris� cs. A similar phenomenon was heavily presented in the literature for stock returns. In the second period, star� ng from 2012, the HML eff ect disappeared and has been en� rely transformed into the LMH eff ect which is quite surprising and requires addi� onal research.
Analysis of risk factor dynamics
Fluctua� ons of the third risk factor are presented in Figure 3 . Again, it can be divided into two periods. The fi rst one (2000) (2001) (2002) (2003) (2004) (2005) (2006) is characterized by outperformance of small capitaliza� on equity indices which was revealed in the literature for single stocks. In the second period (2006) (2007) (2008) (2009) (2010) (2011) (2012) (2013) (2014) (2015) this eff ect is quite reversed and we can observe high out-performance of big capitaliza� on equity indices.
The fourth risk factor
shows that the WML eff ect is the strongest (Figure 4 ) and that it is rela� vely stable during the whole period and precisely confi rms the short-term momentum eff ect observed in fi nancial literature.
Finally, the fi � h risk factor reveals similar dynamics to HML and SMB eff ect ( Figure 5 ) dividing the period into two diff erent sub-periods. The fi rst one ends 
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exactly before the bear market in 2008 and is characterized by out-performance of high vola� lity equity indices. In the second period (2008) (2009) (2010) (2011) (2012) (2013) (2014) (2015) this eff ect is exactly reversed and we can observe high out-performance of low vola� lity equity indices.
The presented dynamics of fi ve risk factors suggest that their explanatory power with respect to excess returns can be rather limited with excep� on of the fi rst factor. The analysis of fl uctua� ons of por� olios based on our risk factors in USD in comparison to their dynamics in local currency (Sakowski et al., 2015) reveals very similar dynamics. This informs us that currency eff ect is not the main driver which can be used in order to explain these eff ects. 
R Comparison of various models results
A� er es� ma� on of six mul� -factor models for 81 diff erent countries it is really hard to present results in a form that is understandable to the reader. For clarity purposes, we start with comparison of densi� es of R-squared coeffi cients for all models separately for developed and emerging markets (Figure 6 ). Such a comparison reveals our fi rst conclusion that the results of six mul� -factor models (including a regime switching mechanism as well) do not diff er signifi cantly for all countries. This conclusion does not change when we analyze results separately for emerging and developed countries.
However, focusing on the results between two 
Source: VMC factor was calculated on weekly data in USD between 2000-2015. Lines present cumulati ve returns for, respecti vely, VMC, CMV, top and bott om 63 days realized volati lity decile portf olios
"e-Finanse" 2016, vol. 12 / nr 2 Paweł Sakowski, Robert Ślepaczuk, Mateusz Wywiał Cross-sectional returns with volatility regimes om a diverse portfolio of emerging and developed equity indices groups of emerging and developed countries we come to two important observa� ons. First, the highest explanatory power of the fi ve-factor model can be observed for developed equity indices. In this group almost all R-squared values are higher that 50%. On the other hand, for emerging markets they get much lower values. This conclusion does not diff er when we analyze the results of diff erent models tested.
The second issue no� ced here is that mul� factor models have correct func� onal form for developed countries while they could be mis-specifi ed for the emerging markets subgroup. The reason for this diff erence could be that the majority of all models proposed during the last 30 years were prepared for developed countries on the basis of empirical inves� ga� ons of developed market data while emerging market data were prac� cally unavailable. In the fi nal part of this sec� on we try to present a ra� onale for this phenomenon.
Taking into account the fact that one of our main outcomes is that results do not diff er signifi cantly between tested models we decided to focus in detail on interpreta� on of the fi ve-factor model (3. Carhart+VMC.5F. USD). Our results for equity indices are in many ways similar to well-known studies for stock returns (Lieksnis, 2010; Davis et al., 2000) , however they do not reveal such strong eff ects connected with our risk factors as was presented in the literature before.
In order to draw more conclusions with regard to diff erent results for developed and emerging markets, we analyzed the densi� es of parameters es� mates and R-squared coeffi cients separately for these two types of equity indices (Figure 7 ).
Our addi� onal conclusions can be summarized as follows:
1) The results of regressions for developed countries with highest R-squared coeffi cients have nega� ve (but close to zero) alpha coeffi cients (signifi cant in 50% of cases) which informs us that there was almost no excess returns which were not explained by our fi ve-factor model. On the other hand, on average alpha coeffi cients for emerging equity indices are posi� ve but s� ll rather insignifi cant.
2) Beta for the factor is on average higher for developed countries and addi� onally less diversifi ed across countries in comparison to emerging markets.
3) The sensi� vity to the HML factor is similar for developed and emerging markets, however again it is much more diversifi ed for emerging equity indices.
4) The average values of SMB beta are nega� ve for developed countries and lower in comparison to emerging markets, however their diversity is much higher 5) WML beta es� mates are centered around zero and are much more diversifi ed for emerging market countries.
6) The only important observa� on concerning VMC beta is that one more � me dispersion is much higher among emerging markets. 7) Separate densi� es for R-squared for developed and emerging markets confi rmed previous observa� ons that regression for developed markets have higher explanatory power than those for emerging markets.
These observa� ons suggest that the fi ve-factor model can be a quite robust approach for developed markets and with high explanatory power. However, it should be amended and enhanced with addi� onal risk factors and probably some state variables for emerging markets.
Explanation of results
Having analyzed our results, we can ask a natural ques� on as to why they are diff erent than those presented in the literature for single stocks. We would like to inves� gate why our mul� -factor models are not able to explain variability of excess returns for emerging markets.
We see four possible explana� ons for these observa� ons.
The fi rst one is the diff erent � me span. In most of the previous studies the data covered more than 80% of bull (Figure 8 ). Contrary to that, in our research we had two dis� nct bull markets and two dis� nct bear markets which results in a rather horizontal long-term trend during the last 15 years. These could be the reason for the substan� ally lower R-squared coeffi cient in our research when compared with results of studies for equity stock returns.
The second reason could be a diff erent explanatory power of risk factors in a strong upward trend vs. up and down movements. This is well illustrated in Figure 9 .
The third explana� on is that most of the previous studies used the data for developed markets. Moreover, various modifi ca� on of mul� factor models (i.e. addi� onal factors, func� onal form) were introduced based on the analysis of such data which in our opinion illustrates an Lastly, the reason could be the diff erent � me frequency. We used weekly data instead of monthly data as we want to explain variability of excess returns on a more frequent basis.
The interpreta� on presented above is only a possible explana� on of diff erent results in our research. However, if it turns out to be the correct one, then it is a very convincing example of the data overfi � ng problem and model risk.
S
It is important to underline that these results are only the fi rst part of a rather larger a� empt to fully understand the reasons behind cross-sec� on variability of world equity indices excess returns.
The most surprising issue concerning our results is that the diff erence between various mul� -factor models are not signifi cant and that we observe substan� al diff erences between model explanatory power for developed and emerging markets. Therefore, to summarize our results we can note that the results of alterna� ve mul� -factor models do not diff er signifi cantly for all countries. This conclusion does not change when we analyze results separately for emerging and developed countries.
Our second observa� on is that the highest explanatory power of the fi ve-factor model is observed for developed equity indices. In this group almost all R-squared values are higher than 50%. On the other hand, for emerging markets they get much lower values. This conclusion does not diff er when we analyze the results of diff erent models tested.
These two points lead us to the third observa� on that mul� -factor models do have a correct func� onal form for developed countries, while they could be misspecifi ed for the emerging markets subgroup. Therefore, we claim that results for emerging market equity indices require further inves� ga� on and future research should be focused mainly on two issues.
The fi rst one are addi� onal factors, where we can inves� gate liquidity risk (Rahim and Noor, 2006, Liu, 2004) , return-on-equity eff ects, earning surprises or macro surprises, systemic risk, liquidity risk or be� ngagainst-beta eff ects (Frazzini and Pedersen, 2014) . Secondly, researchers should concentrate on the novel model implementa� ons concerning its func� onal form and introducing state variables.
To conclude, we believe that further research should addi� onally address the ques� ons of whether: 1) sensi� vi� es to risk factors are stable during various phases of economic cycles, 2) correla� ons among interna� onal equity markets diff er between high and low vola� lity periods, 3) we can build a zero investment por� olio with posi� ve alpha based on analyzed risk factors. 4) we can iden� fy risk factors that are important in the process of por� olio construc� on.
